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Recent developments in the theory of extra dimensions have opened up avenues to confront such theories 
with cosmological tests. We discuss a brane-world model with a bulk scalar field, motivated by supergravity. 
The low-energy effective action is derived and physical constraints on the parameters of the model discussed. 
The cosmological evolution of the brane-world moduli is investigated and it is shown that one of the moduli 
is a quintessence held. The CMB predictions are computed. Finally, the possibility that the radion held in 
brane-worlds could be a chameleon held is investigated. 

1. Introduction 

A recent class of higher dimensional models 
have attracted the attention both of particle 
physicists as well as cosmologists: brane world 
theories (see [JT for recent reviews). The moti¬ 
vation comes from developments in string the¬ 
ory, such as the discovery of brane sources as 
well as the eleven-dimensional origin of the five 
string theories in ten-dimensions. In particular 
the setup of heterotic M - theory and its compac- 
itification down to five dimensions [2J leads to a 
well motivated five-dimensional brane world sce¬ 
nario, which can be used (and generalized) to 
study its consequences in particle physics and cos¬ 
mology. We will concentrate on such setups in 
these proceedings. 

Brane-world models in five dimensions have an 
exact low energy description below the brane ten¬ 
sion involving a four dimensional effective action. 

Above the brane tension, non-conventional fea¬ 
tures such as the appearance of the famous p 2 
term, i.e. the squared matter density, in the 
Friedmann equation precludes any attempt to use 
a four dimensional approach • Below the brane 
tension, it has been shown that the solutions 


of the five dimensional equations with boundary 
terms are identical to the solutions of the four di¬ 
mensional equations derived from an effective ac¬ 
tion. This effective action is of the scalar-tensor 
type with a universal coupling to matter on each 
brane. 

In Section 2 we will present the moduli-space 
approximation to derive the low energy effective 
action and describe the coupling to matter. Post- 
Newtonian constraints from solar system experi¬ 
ments will be used in Section 3 to restrict the cou¬ 
pling of the bulk scalar field to the brane and the 
value of the radion today. Nucleosynthesis con¬ 
straints are also discussed. In Section 4 we will 
discuss the cosmological evolution of brane-world 
moduli and show how exponential quintessence 
arises by detuning the brane tension. In Sec¬ 
tion five we present the implication of the moduli 
evolution for the cosmic microwave background 
anisotropies. Finally, in Section 6, we apply the 
so called chameleon mechanism to the radion and 
discuss its consequences. Our conclusions are 
summarized in Section 7. 
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2. The low-energy effective action 


We consider brane-world models in 5d with a 
bulk scalar field i/>. (We are following here j3|, 
see e.g. [5: for similar setups.) The bulk action 
consists of two terms which describe gravity and 
the bulk scalar field dynamics: 

Sbuik = 7^2 J d 5 x^/-g 5 (TL 

^ ((3'0) 2 + [/)) . (1) 


Further, our setup contains two branes. One of 
these branes has a positive tension, the other 
brane has a negative tension. They are described 
by the action 


^branel 

= -7^9 J d 5 Xy/-g 5 U B S(zi), 

(2) 

*Sbrane2 

= +^2 J d 5 x^-g 5 U B S{z 2 ). 

(3) 


In these expressions, z\ and z 2 are the (arbitrary) 
positions of the two branes, Ub is the superpo¬ 
tential; U, the bulk potential energy of the scalar 
field, is given by 




(4) 


We will also include the Gibbons-Hawking 
boundary term for each brane, which have the 
form 

'S'gh = ~2 [ d A XyJ-giI<, (5) 

« 5 J 

where K is the extrinsic curvature of the indi¬ 
vidual branes. We impose a ^-symmetry at the 
position of each brane. 

The solution of the system above can be derived 
from BPS-like equations of the form 


a’ Ub ,, 9Ub 

7 “ “X’ ^ “ X/T’ 

where ' = d/dz for a metric of the form 
ds 2 = dz 2 + a 2 (z)g /J , u dx fl dx 1 '. 


( 6 ) 

(7) 


We will particularly focus on the case where the 
superpotential is an exponential function: 

U B = 4fceX (8) 


The values a = 1/V3, — 1 / \/T2 were obtained in 
a theory with supergravity in singular spaces 0]. 
The solutions read 

a(z) = (A — Aka 2 z)^ 1 , (9) 

while the scalar field solution is 

ij) = -In (l — 4 ka 2 z) . (10) 

a 

In the Q-^Owe retrieve the AdS profile 

a(z) = e~ kz . (11) 

Notice that in this case the scalar field decouples 
altogether. Also, notice that there is a singular 
point in the bulk at z * = 1/Aka 2 , for which the 
scale factor vanishes. 

In the following we will discuss the moduli 
space approximation |2j. At low energy below 
the brane tension this leads to an exact descrip¬ 
tion of the brane system. Two of the moduli of 
the system are the brane positions, i.e. in the 
solution above the brane positions are arbitrary. 
In the moduli space approximation, these mod¬ 
uli are assumed to be space-time dependent. We 
denote the position of brane 1 with z\ = <j>(x u ) 
and the position of brane 2 with z 2 = cr(x^). We 
consider the case where the evolution of the brane 
is slow. This means that in constructing the ef¬ 
fective four-dimensional theory we neglect terms 
like (<9</>) 3 - 

In addition to the brane positions, we need to 
include the graviton zero mode, which can be 
done by replacing with a space-time depen¬ 
dent tensor g l j U {x^). Thus, we have two scalar 
degrees of freedom, namely the positions of the 
two branes which we will denote with (f>{x and 
a( cc M ), and the graviton zero mode g^. 

The effective action is obtained by substitut¬ 
ing the metric ansatz in the 5d action, allowing 
fluctuations of the brane locations. The result to 
second order in a derivative expansion reads 

S'msa = J d^Xy/^gl (/(</>, cr)7£ (4) 



( 12 ) 
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where the effective gravitational constant is 


O') 

1 p 7 

= —7) 1 dza 2 (z). 

(13) 


«5 h 


It is convenient to redefine the moduli fields 


4? = 

(1-4 fca 2 </>) 2/ \ 

(14) 

a 2 = 

(l — 4fca 2 cr) 2 ^ , 

(15) 

with (3 

= and 


4> = 

Q cosh R , 

(16) 

a = 

Q sinh R. 

(17) 


where ip 1,2 are the the matter fields on the first 
and the second brane respectively. The coupling 
constants A and B are given by 

A = Q “ (cosh i?) T , B = Q~^~ (sinh K) * (23) 

where A = 4/(l+2a 2 ). Notice that when converg¬ 
ing to the singularity, the coupling of the second 
brane B vanishes. The validity of the moduli ap¬ 
proximation and general low energy dynamics has 
been investigated in (TJ and the radion dynamics 

in El 

In what follows, we will concentrate on matter 
on the first brane only. 


This diagonalises the kinetic terms of the moduli. 

The gravitational coupling can be made con¬ 
stant in the Einstein frame where 


9in* — Q 9y-w 

leading to the effective action 
1 


(18) 


S'ef = 


2 fc«|( 2 a 2 + 1 ) . 

12 a 2 ( 3Q ) 2 

1 + 2a 2 Q 2 


drxy/^g [1Z 


(19) 


3. Local constraints 

Let us first assume that the two fields Q and R 
have no potential energy. The case of a potential 
for the moduli will be discussed in Section 6 . As 
matter couples to both gravity and the moduli, 
one expects strong deviations from general rel¬ 
ativity. In particular, solar system experiments 
would detect the presence of massless moduli un¬ 
less the Eddington parameter 7 — 1 ss —26 is close 
enough to one where 

. 4 a 2 tanh 2 R 

~ 3 1 + 2a 2 + 6(1 +2a 2 )' ^ ^ 


where the gravitational constant is 

167 tG = 2kn 2 (l + 2 a 2 ). ( 20 ) 

Notice that the two moduli fields p = In Q and R 
are massless fields. There are two special points 
in the moduli space. When R vanishes, the sec¬ 
ond brane hits the bulk singularity while Q = 0 
corresponds to the collision of the two branes. We 
will see that these special points play a particular 
in the dynamics of the brane system. 

Let us now discuss the coupling to matter. 
Matter couples to the induced metric on the 
branes. As the bulk is warped the coupling to 
matter on the first and the second brane differ 
drastically. In the Einstein frame the matter ac¬ 
tion reads 

S$ = S£('f 1 ,A 2 (Q,R)g^) and ( 21 ) 

S™ = S£\* 2 ,B 2 (Q,R) gfliy ), ( 22 ) 


More precisely one must impose 9 < 10 5 (a re¬ 
sult obtained in |5j) implying that 

a < 10 -2 , R < 0.01 (25) 

today. The smallness of a indicates a strongly 
warped bulk geometry such as an Anti-de Sitter 
space-time (the Randall-Sundrum setup 033]). In 
the case a = 0 , we can easily interpret the bound 
on R. Indeed in that case 

tanhR = e~ k{a -^\ (26) 

i.e. this is nothing but the exponential of the 
radion held measuring the distance between the 
branes cn Thus we find that gravity exper¬ 
iments require the branes to be sufficiently far 
apart. When a yf 0 but small, one way of obtain¬ 
ing a small value of R is for the hidden brane to 
become close to the would-be singularity where 
a{a) = 0 . 
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Constraints on the parameters also arise from 
nucleosynthesis. Nucleosynthesis constrains the 
effective number of relativistic degrees of freedom 
at this epoch. Apart from this, in brane worlds 
the energy conservation equation implies 

pa 3 ^ const., (27) 

resulting in a different expansion rate at the time 
of nucleosynthesis from that given by general rel¬ 
ativity, giving rise to constraints on the parame¬ 
ters. One finds a < 0.1 and R < 0.4 at the time 
of nucleosynthesis. 


4. Cosmological evolution 


We have seen in the previous section that the 
parameter a has to be chosen rather small for the 
theory to be consistent with observations. Sim¬ 
ilarly the field R has to be small too. The field 
R is dynamical and one would like to know if 
the cosmological evolution drives the field R to 
small values such that it is consistent with the 
observations today. Since the moduli fields are 
coupled to matter, their evolution is influenced 
by the presence of matter. Thus it is necessary 
to consider the field equations obtained for the 
system to study the cosmological evolution of the 
brane world moduli. 

The field equations for a homogeneous and 
isotropic universe can be obtained from the ac¬ 
tion. The Friedmann equation reads 


H z = 


8t tG 


3 

2a 2 


[pi + P2 + V e ff + W e s) 
, 1 


1 + 2a 2 


l + 2a 2 


R z 


(28) 


where we have defined Q = exp^. The field equa¬ 
tions for R and (j> read 


R + 3 HR = -8?rG 


1 + 2a 2 
6 


dV eS , dW eS 


dR 


dR 


+ a^(pi - 3pi) + a ( ^ ) (p2 - 3p 2 ) 


(29) 


+ 3 Hcj) = -8? tG 


+ (pi - 3pi) + a^’ (p 2 - 3 p 2 ) 


l + 2a 2 
12a 2 
( 2 ), 


dV e & dWeS 
d (f> d(j> 


(30) 


The coupling parameters are given by 

(l) 2a 2 ( 2 ) 2a 2 

+ 1 + 2a 2 ’ * 1 + 2a 2 ’ 

(i) tanhi? ( 2 ) (tanhi?) -1 

aR = 1 + 2a 2 ’ aR = 1 + 2a 2 ' 


(31) 

(32) 


We have included matter on both branes as well 
as potentials Kff and W e g. We now concentrate 
on the case where matter is only on our brane. 

In the radiation-dominated epoch the trace of 
the energy-momentum tensor vanishes, so that R 
and <f> quickly become constant. The scale factor 
scales like o(t) oc t 1 / 2 . 

In the matter-dominated era the solution to 
these equations is given by 

/ \ —3—2a 2 /3 

» - * te) • 

/ * V ,3 -‘“ ,/27 ,,,, 

a = a e I — I (33) 

together with 

1 . a 

<? = (Pe + - hr — 

3 a e 

( t \ “ 1/3 ( t \ ” 2/3 

R = Me) +Ri (ti) • (34) 


as soon as t t e . Note that R indeed de¬ 
cays. This implies that small values of R compat¬ 
ible with gravitational experiments are favoured 
by the cosmological evolution. Note, however, 
that the size of R in the early universe is con¬ 
strained by nucleosynthesis as well as by the CMB 
anisotropies. A large discrepancy between the 
values of R during nucleosynthesis and now in¬ 
duces a variation of the particle masses, or equiv¬ 
alently Newton’s constant, which is excluded ex¬ 
perimentally. 

We can solve the equations numerically to 
study the cosmological evolution of the brane 
world moduli. For matter living on the posi¬ 
tive tension brane and with the potentials V and 
W identically zero we follow the evolution of the 
fields during radiation and matter domination. 
Both matter and radiation live on the positive 
tension brane. The calculations are made with 
a = 0.01. 
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Figure 1. The evolution of R with different initial 
conditions for the case of radiation and matter on 
the positive tension brane and no matter on the 
negative tension brane. We find that R is driven 
towards zero, but if R is too large at the mat¬ 
ter/radiation equality, we find that the attractor 
is not efficient enough. 


The evolution of R and <fi are shown in fig. 1 
and fig. 2, respectively. One can clearly see, that 
during radiation domination both fields are frozen 
in, because the trace of the energy-momentum 
tensor is effectively zero. Soon after matter be¬ 
comes important, both fields are forced to evolve 
due to the non-vanishing trace of the matter 
energy-momentum tensor. For the initial con¬ 
ditions we have chosen the constraint R < 0.1 
can be fullfilled. One can show that by putting 
matter on the negative tension brane as well, the 
field R evolves even faster to zero [$]. This be¬ 
haviour is reminiscent of the attractor solution in 
scalar-tensor theories m Inflationary dynamics 
and the consequences for primordial power spec¬ 
tra in this setup has been studied in m (see also 
na for a discussion of inflation driven by scalar 
fields on the brane in two-brane systems with bulk 
scalar field). 

We now include a potential on the positive ten¬ 
sion brane coming from supersymmetry breaking 
effects (see @] and ns)- The simplest potential 
is obtained by detuning Ub, so that the potential 


phi 



Figure 2. The evolution of for different initial 
conditions with the same cosmology as in Figure 

1 . 


becomes 

V = 6(T ^ 1)/C e aV; . (35) 

Here, T ^ 1 is a supersymmetry breaking pa¬ 
rameter (ip is the bulk scalar field). Expressed in 
terms of 4> and R the effective potential on the 
positive tension brane becomes 

V&{<I>,R) = 6(T ~ 1)fc e- 12a2 ^/( 1+2a2 ) 

k 5 

x (coshi?) (4_4 “ 2)/(1+2 “ 2) . (36) 

Notice that for R close to zero, this is nothing 
but an exponential model with the field <fi playing 
the role of a quintessence field. In the following 
we set 6 k(T — 1) such that the universe starts to 
accelerate at a redsliift around 1. 

The evolution of the density parameter is 
shown in fig. 3. After the usual matter dom¬ 
inated era, the universe becomes dominated by 
the potential energy of the fields and starts to 
accelerate. 

We can study this analytically. The R depen¬ 
dence of the potential for small a implies that R 
is attracted towards zero. Hence, for R small the 
effective potential becomes 

V eS {4>) = ° (r ~ 1)fc e- 12a2 ^ /(1+2a2) . (37) 

k 5 
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Figure 3. Evolution of the density parameter f li 
as a function of redshift for radiation, matter and 
the field <j>. When </> dominates, the universe is 
accelerating. Note, that in order to explain the 
values for the energy density of dark energy, one 
has to fine-tune the parameters of the theory. For 
these plots we have set a = 0.01. The dark matter 
lives on the positive tension brane, there is no 
matter on the negative tension brane. 


This an exponential potential admitting an at¬ 
tractor with a scale factor 

a+2c 2 ) 

a = dot 3» 2 (38) 


which is accelerating when a < 1. The equation 
of state on the attractor is given by 


w = — 1 + 


4 

(1 + 2a 2 ) 


(39) 


This result has already been obtained using 
the 5d equations of motion. Notice that for 
the Randall-Sundrum case m a = 0, one gets 
de Sitter branes. Another interesting case is 
a = — l/\/l2 where w = —5/7 (the supergrav¬ 
ity case 0 ). The five dimensional picture corre¬ 
sponds to a brane moving at constant speed in the 
bulk written in terms of conformal coordinates. 


5. CMB anisotropies 

In the following we describe how the mod¬ 
uli fields modify anisotropies in the cosmic mi¬ 
crowave background radiation (CMB) 23■ We 


describe the fields seperately, in order to see their 
individual effects. As we have seen, the moduli 
fields couple to all matter species on the branes. 
In the Einstein frame, the masses of the parti¬ 
cles on the branes become moduli-dependent and 
therefore the theory is similar to a theory with 
mass-varying particles. For the setup considered 
here, the coupling is universal , as long as we as¬ 
sume that the particles on the branes feel only 
the induced metric. This means, in particular, 
that not only the masses of dark matter parti¬ 
cle evolve when the moduli field evolve, but also 
masses of the baryons and neutrinos. In this sec¬ 
tion we consider a cosmological constant as dark 
energy giving rise to an accelerated universe at 
the present epoch. 

Let us first concentrate on the case a = 0, so 
the field <f> decouples from the dynamics. The 
influence of R on the CMB anisotropies is plotted 
in Figure 4. 



Figure 4. COBE normalized CMB anisotropies in 
the presence of R. The cases for different initial 
values of R (at a redshift of 10 10 ) are shown. The 
smaller the field R is initially, the more the theory 
behaves like General Relativity. 


The size of the coupling is set by the initial 
field value at the redshift z « 10 10 . The larger 
the field value initially, the larger is the devia- 
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tion from General Relativity. The field starts at 
a certain value i?j n ; and will, in the matter domi¬ 
nated epoch, roll towards zero due to the attrac¬ 
tor mechanism mentioned in Section 4. This will 
cause the masses of the particle to vary and will, 
among other things, modify the evolution of the 
metric perturbations. In particular, the gravita¬ 
tional potential is not time-independent on large 
scales anymore. This results in a larger integrated 
Sachs-Wolfe (ISW) effect and therefore produce 
more power on large angular scales. The normal¬ 
ized spectra have therefore less power on small 
angular scales. Since the amount of the differ¬ 
ent matter forms at the last scattering surface is 
changed when compared to the case i?i„i = 0, the 
peaks will be shifted and the relative amplitude of 
the peaks will modified. These effects can clearly 
be seen from Figure 4. 

The situation with the field <j> is similar (see 
Figure 5). The major difference is that the cou¬ 
pling is constant. This will modify in particular 
the ISW at late times: whereas for the field R the 
coupling decays in the matter dominated epoch, 
the coupling remains constant for the field (j>. 



Figure 5. COBE normalized CMB anisotropies in 
the presence of <fi. The cases for different initial 
values of R (at a redshift of 10 10 ) are shown. 


As it can be seen from Figure 5, already a small 


coupling a ss 0.1 has a visible impact on the CMB 
anisotropy spectrum. To conclude this part, the 
CMB provides useful constraints on the history 
of the dynamics of the extra dimension (as en¬ 
coded in R and cf>). Even imposing the constraints 
from nucleosynthesis, future observations will put 
stronger constraints on the parameter a and 7?i n i- 

Finally we would like to mention that even if 
the radion is stabilized after inflation, the sta- 
blization mechanism will leave an imprint on the 
primordial perturbations. In El several pos¬ 
sibilities were discussed, such as the decay of 
the radion into radiation in the very early uni¬ 
verse or a stabilization mechanism without decay. 
However, since the radion couples to matter on 
the brane(s), during radion stabilization energy 
will be transfered from the radion to matter and 
thereby generating entropy perturbations. These 
can leave an imprint in the CMB, which have a 
different signature than the one discussed above. 

6. The radion as a chameleon 

We have seen that the coupling of the moduli 
fields leads to modifications to General Relativity. 
Since no deviations from General Relativity have 
been observed, the fields must have either small 
couplings today, or they must have been stabi¬ 
lized in some way. In this Section we discuss a 
particular stabilization mechanism for the radion 
field. 

6.1. The chameleon mechanism 

The chameleon mechanism provides an alterna¬ 
tive mechanism for circumventing the constraints 
from local tests of gravity m According to this 
idea, the scalar field(s) acquire(s) a mass which 
depends on the ambient matter density. In the 
cosmos, where the density is minuscule, the mass 
can be of the order of the Hubble constant, al¬ 
lowing the field to be rolling on cosmological time 
scales. On Earth, however, where the density is 
many orders of magnitude higher, the chameleon 
acquires a mass that is sufficiently large to sat¬ 
isfy all current experimental bounds on deviations 
from GR. 

To see how this works, consider the following 
general scalar-tensor theory: 
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- K(0) + jO m (ip m ,A 2 ((f>)g IJ , l/ )} (40) 

where 0 is the chameleon scalar field with scalar 
potential K(0), assumed to be of the runaway 
form as in general quintessence models. See 
Fig. 0 Fermion (matter) fields, denoted by i /> m , 
couple conformally to the chameleon through the 
A 2 ((f>) dependence of the matter Lagrangian C m . 

This conformal coupling leads to an extra term 
in the Klein-Gordon equation for the chameleon, 
as usual proportional to the trace of the matter 
stress-tensor: 

V 2 0 = Vj - , (41) 

where a$ = 8 . With the approximation that 

the matter is well described by a pressureless 
(non-relativistic) perfect fluid with density p m , 
this reduces to 

V 2 0 = + a^pmA ^), (42) 

where p m is conserved with respect to the Ein¬ 
stein frame metric 

An immediate realization is that the dynamics 
of 0 are governed by an effective potential, V B s, 
which depends explicitly on p m : 

Kff (0) = V ((/>)+ p m A(0). (43) 

While the “bare” potential V (0) is of the runaway 
form, the effective potential will have a minimum 
if A(<j>) increases with 0. This is shown in Fig. [S] 
Moreover, the location of this minimum and the 
mass of small fluctuations, m 2 = both de¬ 

pend on p m . In other words, the physical proper¬ 
ties of this field vary with the environment, thus 
the name chameleon. 

It was shown in CH| that, for constant a^, on 
earth the “chameleon field” can have a large mass 
and hence its interaction is short (< 1 mm, say) 
scale. This is because the local density is large. 
In space, however, where the density is lower than 
on earth, the interaction can lead to observational 
consequences. There is a second effect which sup¬ 
presses the force mediated by the chameleon: For 







Figure 6. The effective potential for the 
chameleon (solid line) is the sum of the “bare” 
potential, V (0), which is of the runaway form 
(dashed line), and a density-dependent term (dot¬ 
ted line). Here we choose the exponential cou¬ 
pling: A(0) = e^/ Mpi . 


sufficiently large objects, the 0-force on a test 
particle is almost entirely due to a thin shell of 
matter just below the surface of the object, while 
the matter in the core of the object contributes 
negligibly. In other words, only a small fraction 
of the total mass of the object affects the mo¬ 
tion of a test particle outside. This is the so- 
called “thin-shell mechanism”. To illustrate this 
mechanism in more detail, we derive an approxi¬ 
mate solution for the chameleon for a spherically- 
symmetric object of radius R and homogeneous 
density p. Here we focus on the inverse power- 
law potential, V(0) = M i+n /(j) n , where M has 
units of mass, and an exponential coupling of the 
form A(<j>) = with f3 = 0(1). The boundary 
conditions imposed for this problem are that the 
solution be non-singular at the origin and that <f> 
tends to its ambient value, <po, far from the ob¬ 
ject. 
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For sufficiently large objects, one finds that, 
within the object, the field assumes a value 
t f> c which minimizes the effective potential, i.e. 
V^{(j) c ) + /3p c e >3cl>c ^ Mpl /Mpi = 0. This holds ev¬ 
erywhere inside the object except within a thin 
shell of thickness A R below the surface where 
the field grows. Outside the object, the pro¬ 
file for (f> is essentially that of a massive scalar, 
<f> ~ exp(— mor)/r, where mo is the mass of the 
chameleon in the ambient medium. 

The thickness of the shell is related to (f> o, 4> c , 
and the Newtonian potential of the object, = 
M/87rMp ; i?, by 

—— ~ ~ ^ c f44j 

R 6 /3Mpi^ N ' v ; 


The exterior solution can then be written explic¬ 
itly as [IEj 




(3 


47 tM pi 


3A R\ 

R ) r 


(45) 


Evidently, this derivation only makes sense if 
the shell is thin: A R/R <C 1. Keeping everything 
else fixed, we see from Eq. that this is the 
case for objects with sufficiently large 3 >jv. Then 
Eq. TO says that the correction to Newton’s law 
at short distances is given by F = (1 + 9)Fn, 
where 


6 = 2 p 2 



(46) 


which is small. Hence a thin shell guarantees a 
small deviation from Newton’s law. 

Let us apply this mechanism to gravity ex¬ 
periments. Fifth force experiments are usually 
performed inside a vacuum chamber where the 
density is negligibly small. Inside a cavity of 
radius R cav , explicit calculations |TB] show that 
the chameleon assumes a nearly constant value 
</>o, with (f >o satisfying moR cav ~ 0(1). That is, 
the interaction range of the chameleon-mediated 
force inside the cavity is of order of the size of the 
cavity. 

The two test masses used to measure G must 
have a thin shell, for otherwise the correction 
to Newton’s constant Gn from the chameleon- 
mediated force will be of order unity. Since Gn 


is known to an accuracy of 10 , they must sat¬ 

isfy 


A R _ (j)p - (f> c 

R 6/3Afp;$jv 


(47) 


where we assume that (3 = 0(1). For typical 
test masses and cavity of characteristic radii of 
~ 1 cm and ~ 1 m, respectively, this gives </>o ~ 
10 -28 Mpi. For the inverse power-law potential, 
V((j>) = M A+n /(j) n , with n ~ 0(1), this translates 
into a constraint on M: 

M ~ 10~ 3 eV. (48) 


This scale is remarkable close to the scale of 
dark energy, giving rise to the observed acceler¬ 
ated expansion of the present universe. The cos¬ 
mology of this model has been studied in m- 


6.2. Including radion self-interaction 

The question we address now is whether ra¬ 
dion self-interaction will significantly modify the 
radion evolution and whether the radion can play 
the role of dark energy M- To motivate the po¬ 
tential energy for the radion, we want to avoid 
the singular point R = 0 in the evolution (we re¬ 
call here that the point R = 0 corresponds to the 
situation where the negative tension brane hits 
the naked singularity in the bulk spacetime). We 
therefore add a potential energy of the form 

V(R) = A 4 iT 7 . (49) 


leading to a setup similar to the one discussed 
above. The major difference is that the coupling 
is field dependent. Before discussing the cosmo¬ 
logical consequences of radion self-interaction, we 
will investigate whether the thin-shell mechanism 
can operate for the radion. In order to simpify our 
calculations, we will write the coupling to matter 
in the form 

A(R) « 1 -f-+ ..., (50) 


where we have neglected higher order terms, since 
the cosmological evolution drives the radion nat¬ 
urally to small field values. We found that, im¬ 
posing the same boundary conditions as in the 
chameleon model discussed above, leads to a force 
mediated by the radion given by 


P 2 R 2 oc mM. 


47r 


2 9 ’ 

m P i r 


( 51 ) 
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which is nothing but a correction to Newton’s law 
with (see also Eq. 

0 = (52) 

Therefore, as in the case without a potential for 
the radion, the strength of the force mediated by 
the radion is specified by the cosmological value 
of the radion. Since 6 must be small, the (cosmo¬ 
logical) field value must be small. 

The cosmological evolution was also studied in 
m and can be summarized as follows: During 
an inflationary epoch, driven by a scalar field con¬ 
fined on the positive tension brane, the field value 
is driven towards the minimum. Assuming a po¬ 
tential energy for the inflaton field a of the form 


V{a) = ^ m 2 A(R) 2 cr 2 , 
the field value i? m i n given by 


Rn 


f 2 7 A 4 \ 1/(7+2) 
\3/3m 2 af n{ ) 


(53) 


(54) 


where crinf is the field value of the inflaton held 
during slow-roll. Note that the mass of the infla¬ 
ton held becomes i?-dependent for the same rea¬ 
son that the mass of baryons and dark matter 
becomes -R-dependent. 

During the matter and radiation era, the ra¬ 
dion converges towards an attractor. In the radi¬ 
ation era, the attractor is nothing but the Ratra- 
Peebles attractor of quintessence. In the mat¬ 
ter era, the attractor does not coincide with the 
Ratra-Peebles one. In fact the attractor follows 
the evolution of the minimum of the potential lag¬ 
ging behind in such a way that P.Ratra /Rmm = 
const. The equation of state of the model is closer 
to -1 than in the usual quintessence scenario. This 
is due to the friction effect along the quintessence 
potential induced by the presence of matter (see 
figure 7). Now imposing the gravitational con¬ 
straints implies that A ~ 10 ~ 3 eV and 7 < 10 -5 . 
This implies that the model must be extremely 
close to a cosmological constant throughout the 
history of the universe. However, with this fine- 
tuning the radion can play the role of dark energy 
and satisfy local gravitational constraints. One 


can avoid the fine-tuning of 7 by using the po¬ 
tential V(R) = A 4 ^"^ . In this case, the local 
constraints are satisfied for n = 0(1). Again, 
A ~ 10 -3 eV if the radion is to be a candidate 
for dark energy. This tuning is no more than that 
required by a cosmological constant. 

7. Conclusions 

Brane-world models have opened up the pos¬ 
sibility of testing theories in extra dimensions 
through cosmology. At energies below the brane 
tension they are well described by a low-energy 
effective action. We have shown how this can 
be computed in the moduli space approximation. 
For brane-world models arising from supergravity 
there is naturally a bulk scalar field. The result¬ 
ing effective action is a bi-scalar-tensor theory of 
gravity. This results in corrections to general rel¬ 
ativity. We have shown how the parameter in the 
bulk scalar field and the radion held today are 
constrained by solar systems constraints. Sim¬ 
ilarly brane world-moduli change the expansion 
rate of the universe, resulting in constraints on 
the value of the radion at the time of nucleosyn¬ 
thesis. The constraints mean that the branes have 
to be far apart. 

The cosmological evolution of brane-world 
moduli has been studied. We have shown that 
the fields evolve in the matter dominated era such 
that the branes are driven apart. As a conse¬ 
quence the above constraints can be satisfied. At 
late times the bulk scalar held is a natural can¬ 
didate for quintessence. We have shown how this 
held dominates at late times. 

The effective action obtained for the brane- 
world moduli mean that the theory is amenable 
to testing with the CMB. We have computed the 
CMB predictions for both the radion held and 
the bulk scalar held and compared the predic¬ 
tions with those of standard CDM. In both cases 
there are small shifts in the peaks and changes 
to the ISW effect, when taking into account the 
evolution of the radion and the bulk scalar held. 
After the above constraints are imposed these dif¬ 
ferences with standard CDM are small, but could 
be observed in future CMB experiments. 

Finally we have investigated the cosmology of 
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the radion field in more detail. In the presence 
of a potential, included to ensure that the neg¬ 
ative brane avoids a bulk singularity, the radion 
becomes a chameleon field with its properties de¬ 
pending on the environment, though its couplings 
to matter are field dependent. Hence it too can 
be a dark energy candidate and still satisfy so¬ 
lar system constraints, if the constraints on the 
parameter of the potential are imposed. 

We have not covered the evolution of funda¬ 
mental constants in this paper; a discussion can 
be found in E2 Also we have not touched the 
issue of radion stabilization in the early universe. 
The consequences for cosmological perturbations 
have been discussed in EJ, see also [22] ■ 
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